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1. Introduction 

Up to now, the only superstring formalism suitable for covariantly quantizing the 
AdS^ X background is the pure spinor formalism |^]. Because of the Ramond-Ramond 
flux, the Ramond-Neveu-Schwarz formalism cannot describe this background. Although 
the covariant Green-Schwarz formalism can classically describe the AdS^ x background, 
this formalism has only been quantized in light-cone gauge by expanding around classical 
solutions which break the target-space PSU (2, 2|4) invariance. It should be noted that for 
computing the physical spectrum, the light-cone Green-Schwarz formalism is probably the 
most convenient since it includes only physical degrees of freedom and does not require 
ghosts. However, for computing scattering amplitudes or for describing the spectrum in a 
PSU (2, 2|4)-invariant manner, the pure spinor formalism is expected to be more convenient 
since it manifestly preserves all symmetries. 

In a flat target-space background, the worldsheet action in the pure spinor formalism 
is quadratic and it is easy to compute scattering amplitudes using the free-field OPE's of 
the worldsheet fields. However, in an AdS^ x background, the worldsheet action is 0] 

J d^z[^r^aBJ''j'-V^^{lj^T+^J^n-w^VX"+w^^^^ 

(1-1) 

where = {g~^dg)^ and J = {g~^dg)'^ are the Metsaev-Tseytlin left-invariant cur- 
rents 0, A = (a, a, a, [ab]) are the PSU{2,2\4) Lie-algebra indices, g takes values in the 
50(4^)xgo(5) "^oset, (X^'jWcf) and (X^jW-^) are the left and right-moving pure spinor vari- 
ables, and {'>labjV^'j^^V[ab][cd]) cire the nonvanishing components of the PSU{2,2\4) metric. 
The global PSU{2,2\4) isometries act on g by left multiplication as 6g = "Eg, and these 
global isometries commute with the BRST transformations which act by right multiplica- 
tion as 

Qg = g{X^T^ + X^T^) (1.2) 

where Ta and are the fermionic generators of PSU {2, 2|4). Since the currents are not 
holomorphic, it is difficult to compute OPE's and scattering amplitudes in an AdS^ x 5"^ 
background. 

Nevertheless, it will be shown in the first half of this paper that there are several 
features of the pure spinor formalism in an AdS5 x S^ background which are simpler than 
in a flat background. Unlike the worldsheet Lagrangian in a flat background which trans- 
forms by a total derivative under d = 10 supersymmetry transformations, the worldsheet 
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Lagrangian of (|1 . 1| ) is manifestly PSU{2, 2|4) invariant. As a consequence, the vertex oper- 
ator for the zero- momentum dilaton in an AdS^ x background is manifestly PSU{2, 2|4) 
invariant and can be expressed as the ghost-number (1,1) operator 



yAdS _ _^a_^a /^_3^ 
'aa ^ ' 



where r? ^ = (7*^^234-^ ^ q^^ ^j^g other hand, the zero-momentum dilaton vertex operator 
in a flat background is 

ynat ^ (A7-^)(A7^^), (1.4) 

which transforms under spacetime supersymmetry into a BRST-trivial operator. 

Because (^q^-^"-^") is in the ERST cohomology in an AdS^^ x 5"^ background, it is 
consistent to impose the constraint that (ryAA) is non-vanishing and to extend the Hilbert 
space to include states which depend on inverse powers of (^yAA). Note that in a flat 
background, (r^AA) is not in the cohomology and can be written as (ryAA) = Q{r]^-^9°'X°'). So 
in a flat background, such an extension of the Hilbert space would trivialize the cohomology 
because of the state W = {r]XX)~^r]^-^^ satisfying QW = 1, which would imply that 
any BRST-closed state V could be written as V = Q{WV). 

After extending the Hilbert space in this manner and interpreting A" and ^^.^A" as 
complex conjugates, it is straightforward to define functional integration over the pure 
spinor variables. Unlike in a flat background where one needs to introduce additional 
"non-minimal" variables to functionally integrate over pure spinors ||^ , there is no need 
to introduce non-minimal variables in an AdS^ x background. In some sense, the non- 
holomorphic structure of the AdS^ x sigma model automatically regularizes the 0/0 
divergences which were regularized in a flat background by the non-minimal variables. 

Since there are no non-minimal variables, the zero mode measure factor and the 
composite b ghost are simpler in an AdS^ x 5"^ background than in a flat background. In 
a flat background, the tree-level zero mode measure factor is 

(/(x,^,A,^,A)) = J A J {d'>e)^,,„^,{d%2.,-.. (1-5) 
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and the b ghost satisfying {Q, b} = T depends in a comphcated manner on the non-minimal 
variables. In an AdS^ x background, the tree-level zero mode measure factor is simply 

(/(x,^,A,^,A)) = j d^^x j d^^ed^^e sdet{E^) j dXdX f{x,6, XAX) (1.6) 

where E-^j is the target-space supervierbein and / dXdX is a compact integration over the 
projective pure spinors. And the composite b ghost is 

b = (rjXX)-' X^iIm-J" + \%-N^\laBJr + \v^-J9hn (1-7) 

where ( J", J", J") are the left-invariant currents constructed from and A^"^ and Jgh are 
the Lorentz and ghost-currents for A°. 

It is instructive to consider the pure spinor formalism for the Ramond-Ramond plane- 
wave background where a partial simplification also occurs. In this background, the 
operator of (|1.3| ) is replaced with (A7+1234A) which only involves the (7+A) and (7+A) 
components of the pure spinors. So one still needs to introduce non-minimal variables for 
the (7- A) and (7- A) components in order to perform functional integration. This implies 
that the tree- level measure factor in the plane- wave background involves integration over 18 
6''s, as opposed to the 10 6''s in a flat background or the 32 6''s in an AdS^ x background. 

In principle, these results could be used to compute AdS^ x scattering amplitudes 
without the regularization complications that plague amplitude computations in a flat 
background 00. Unfortunately, the difficulties with evaluating OPE's and with con- 
structing explicit vertex operators in an AdS^ x background will probably make it hard 
to compute non-trivial scattering amplitudes at flnite AdS radius. Nevertheless, it might 
eventually be possible to compute amplitudes at inflnitesimally small AdS radius and test 
the Maldacena conjecture in the perturbative super- Yang-Mills regime. 

In order to compute superstring amplitudes in this perturbative super- Yang-Mills 
regime, the flrst step would be construct a closed string theory that describes the zero 
radius limit that is dual to free A/" = 4 super- Yang-Mills theory . Since super- Yang-Mills 
is a fleld theory, it is natural to try to describe this zero radius limit using a topological 
string theory 0. One recent topological string proposal |T^ was constructed from the 



fermionic coset so^^)x'so\6} '^tiich was related by a fleld redeflnition to the pure spinor 



formalism. This topological string theory was later obtained in ||Tl|] by gauge-flxing the 
G/G principal chiral model with G = PSU{2,2\4), and similar G/G topological models 



for the zero radius limit have been proposed by A. Polyakov||12|| and H. Verlinde[13 . 



3 



In the second half of this paper, it wiU be shown that there is an alternative gauge- 
fixing of the G/G principal chiral model which produces a topological string theory based 
on the Metsaev-Tseytlin coset go'(4^)x'50(5) i^istead of the fermionic coset so{^2y><^so{io) • 
This alternative gauge-fixing is related to an AdS^ x generalization of the "extended 
pure spinor" formalism proposed by Aisaka and Kazama and, unlike the BRST trans- 



formation for the gauge- fixing to the fermionic coset, the BRST transformation using this 



alternative gauge- fixing is the same as in (|1.2|) . 



The worldsheet action of this topological string theory is BRST-trivial and is 

Stop = [ d'z[ ^^^;^fh '^t + r7^-j" - w^VX- + w^V>? - ^77[.,][,,](«;7«^A)(«;7^'A)], 
J 2[rjX\) ^ 

(1.8) 

where J"^ = {g~^dg)^ are the same left-invariant currents constructed from a soi^'i)x'so{5) 
coset as before. Note that ( p..8|) differs from the original AdS^ x 5"^ action of (IT) through 



the (A", A") dependence of the first term and the absence of an fl^'^J'^ J term. 

To show that this topological string theory is the dual to free J\f = 4 super- Yang-Mills, 
the first step is to show that the BRST cohomology correctly reproduces the single-trace 
gauge-invariant super- Yang-Mills operators at zero 't Hooft coupling. Since the topological 
BRST transformations are the same as in the original AdS^ x 5"^ model, it is trivial to show 
that vertex operators for half-BPS states in the original AdS^ x 5"^ sigma model are also 
in the BRST cohomology of the topological sigma model. Vertex operators for non-BPS 
states can be constructed by acting on half-BPS vertex operators with the a-dependent 
transformation 

5gia) = Eia)g{a) (1.9) 

where S(cr) is an arbitrary local PSU{2,2\4) transformation whose a-independent modes 
are the global isometries. These transformations commute with the BRST transformations 
of (|1.2|), and when acting on operators of large i?-charge, the a-dependent modes of E act 
like the massive string modes in a plane-wave background by inserting "impurities" in 
the long operator [^. Although the cr-dependent transformations of ( |1.9| ) do not leave 



invariant the topological action of ( |1.8|) , they only change (1^) by a BRST-trivial term. 

The next step to showing that this topological string theory describes free A/" = 4 
super- Yang-Mills is to show that the topological string amplitudes correctly reproduce 
super- Yang-Mills amplitudes in the limit of small 't Hooft coupling. For string tree ampli- 
tudes involving three half-BPS states, these amplitudes are guaranteed to agree since the 
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zero mode measure factor in the topological theory is the same as in (|1.6|) and since these 
three-point BPS amplitudes do not depend on the AdS radius. 

To show the equivalence of other types of amplitudes, a handwaving argument based 
on open-closed topological duality will be presented which will hopefully be made more 
rigorous in the future. The argument follows the proposals of and |T^ |T^ and uses 
that the open string field theory obtained by putting Ds branes at the AdS^ boundary 
of the topological string reproduces Af = 4 super- Yang-Mills field theory. Furthermore, it 
will be argued that perturbing the closed topological action of ( |TT8|) by the vertex operator 
of as 

Stop ^ Stop + r^S (1.10) 

is equivalent to shifting the 't Hooft coupling constant of the Yang-Mills theory. 

In addition to providing a string dual to free super- Yang-Mills, this topological string 
also describes an unbroken phase of closed superstring theory in which all background 
fields (including the metric) are treated on the same footing. Up to BRST-trivial terms, 
the topological action of ( |1.8[ ) is independent of any specific choice for the spacetime 
metric, which was one of the original motivations of Witten for studying topological string 
theory |jT^ 1)2^] . To recover non-topological backgrounds, one gives expectation values 
to the physical moduli of the topological string. For example, the AdS^ x background 
at nonzero radius is obtained by perturbing with the physical vertex operator of ( |1 . IJ ) 
for the radius modulus, and other string theory backgrounds which are asymptotically 
AdS^ X S^ can be obtained by perturbing with vertex operators corresponding to other 
physical moduli. 

As in previous topological proposals of Witten for an unbroken phase of string theory, 
the target spacetime in the topological sigma model requires a complex structure [|0l . 
But unlike in previous proposals, the complex structure of spacetime is now dynamical and 
is determined by the pure spinor ghost variables A" and A" which choose aU{5) subgroup 
of (Wick-rotated) 5*0(10) This can be seen from the kinetic term for the ten a;'s in the 
first term of ( p..8|) which, to quadratic order, is / d'^ z{2'r]XX)~^ {X'ya'yb^)dx°'dx^ . 

In section 2 of this paper, the pure spinor version of the AdS^ x sigma model will 
be reviewed. In section 3, it will be shown that non-minimal variables are unnecessary in 
this model, that the zero mode measure factor and b ghost are much simpler than in a fiat 



^ Similar observations on pure spinors and topological strings have been made by N. 
NekrasovfH]. 
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background, and that a partial simplification also occurs in the Ramond-Ramond plane- 
wave background. In section 4, a BRST-trivial version of the AdS^ x sigma model will 
be constructed by gauge-fixing a, G/G principal chiral model, and this topological model 
will be argued to describe the dual of free super- Yang-Mills. In section 5, conclusions and 
open problems will be discussed. 



2. Review of AdS^ x 5"^ Sigma Model 

The pure spinor version of the worldsheet action for the AdS^ x superstring can 
be derived either by constructing the pure spinor action in a general curved background 

and setting the background superfields to their AdS^ x values, or by adding terms 
to the Green-Schwarz AdS^^ x action which replace k symmetry with BRST invariance 



24]. The second approach is more direct and will be reviewed here. The structure of 



supergravity vertex operators will then be discussed. 



2.1. Green-Schwarz worldsheet action 

In a general Type II supergravity background, the Green-Schwarz action is 

j d''z^iGMN{Z)+BMN{Z))dZ^dZ^ = J d''z^{r^ahE%{Z)Elj{Z)+BMN{Z))dZ^dZ'' 

(2.1) 

where Z^ = (x"^, 6*^, 6"^), Efj{Z) is the super-vierbein, A = (a, a, a) are tangent- 
superspace variables for a = to 9 and a, a = 1 to 16, and M = (m, /i, /i) are coordinate 
variables for m = to 9 and /U, = 1 to 16, and (a, fx) and (S, /u) label spinors of the 
opposite/same chirality for the Type IIA/B superstring. 

In an AdS^ x background, the supervierbein E^^ can be explicitly constructed from 
the Metsaev-Tseytlin left-invariant currents = {g~^dg)^ where g takes values in the 
coset PS't/(2,2|4)/(S'0(4, 1) x SO{5)), A = {[ab],a,a,a) ranges over the 30 bosonic and 
32 fermionic elements in the Lie algebra of PSU{2, 2|4), [ab] labels the SO{4, 1) x SO{5) 
"Lorentz" generators, a = to 9 labels the "translation" generators, and a, a = 1 to 16 
label the fermionic "supersymmetry" generators. Note that A includes both the super space 
indices A as well as the SO{4, 1) x SO{5) indices [ah]. The PSU (2, 2|4) structure constants 
f^^ include = 7"^ and = 7^:^ where 7"^ and (7")"^ are the 16 x 16 off-diagonal 
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elements in the Weyl representation of the 32 x 32 ten-dimensional F-matrices, and 

a/3 

and (7")"^ are related to these matrices by 

(2.2) 

Parameterizing the AdS^ x 5"^ coset as 

giZ) = expix'^P^ + e^Q^ + O^Q^) (2.3) 

where [Prn,,Q^,Q^] are the AdS^ x translation and supersymmetry generators, one 
obtains 

= E^,{Z)dZ^', J["^] = J^^\z)dZ^ (2.4) 

where oj^^^ is the AdS^ x S"^ spin connection. Furthermore, in an AdS^ x 5"^ background, 
it was shown in that the only nonzero components of Bab = E^Bmn are 

B ^=B^ = 1(701234) ^ = % ^. (2.5) 

a/3 /3a 2 2 



So the Green-Schwarz action in an AdS^ x 5" background is 

= 1 rf'^(^r7„, JV' + ^r7^^( J" - JV^)). (2.6) 

Note that unlike the Green-Schwarz Lagrangian in a flat background in which the term 
BmnQZ^ dZ^ transforms by a total derivative under spacetime supersymmetry, the 
Green-Schwarz Lagrangian in an AdS^ x background is manifestly PSU{2, 2|4) invariant 
since it can be expressed in terms of the supersymmetric invariants J"^. 

2.2. Pure spinor worldsheet action 

To generalize the Green-Schwarz action to the pure spinor formalism, one needs 
to add canonical momenta [dcnd-^) for the (9^,9^) variables as well as left and right- 
moving pure spinor ghosts, (A", Wa) and (A", w^), which satisfy the pure spinor constraints 
A7"A = A7"A = 0. Because of the pure spinor constraints, Wa and w-^ can only appear in 
combinations which are invariant under the gauge transformations 



Sw^ = ChaX)c., Sid^ = chaXh, (2.7) 
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which imphes that they only appear through the Lorentz currents and ghost currents 

Nab = ^WJab\ Jgh = WaA"", Nab = ^WJabX Jgh = W-^"" . (2.8) 

In an AdS^ x 5"^ background, these additional worldsheet fields couple as 

S = Sgs + j d^z[-d^T + d-^J^+dJ^F^^-w^iVXr+w^{Vxf+RabcdN''^ (2.9) 

where F""^ = (701234)"^ = v"'^ is the bispinor Ramond-Ramond field-strength, Rabcd = 
TVa[cVd]b = —V[ab][cd] IS the AdS^ X curvature (the — sign is if a, 6, c, d are on AdS^ and 
the + sign is if they are on 5"^), and 

(VA)" = dX^ + ^J^"'^(7abA)", (VA)« = aA- + 1 J[«^](7„,A)". (2.10) 

Because of the nonvanishing Ramond-Ramond fiux, dot and d-^ are auxiliary fields 
which can be integrated out to give the action 

s = J d^z[^vabJ''j'-Vo,^ilj^T+p^j^)-Woyx'^+w^v^^ (2.11) 

= / d^zi^ivabJ"!' + ry^^J" + Vo^^Tj^) - Ivo^^iJ'^y - Tj^) (2.12) 



b i\Tcd\ 



+(-«;« VA" +«;^VA" - V[ab][cd]N'''' N 

The action of (p.ll|) is manifestly invariant under global PSU{2, 2|4) transformations which 
transform g{x, 9, 9) by left multiplication as 5g = {Jl^T^g where T| are the PSU{2, 2|4) 
Lie-algebra generators and is also manifestly invariant under local 5*0(4, 1) x 5*0(5) gauge 
transformations which transform g{x,9,9) by right multiplication as S\g = g{A^"'''^T[ab]) 
and transform the pure spinors as 50(4, 1) x 50(5) target-space spinors. 
The BRST operator in the pure spinor formalism is defined as 

Q = Jdz X^do, + Jdz X% = Jdz V^-X^J^ + Jdz r7„-A°j", (2.13) 

where the auxiliary equations of motion for da and d-^ have been used. Under BRST 
transformations generated by Q, g{x, 9, 9) transforms by right-multiplication as 

Q{g)=g{X''Ta + X%) (2.14) 



which imphes that 



Qr = VA- - r^{^a\)-J\ QJ" = VA° + r7""(7,A)« J^ (2.15) 

And ( |2.13| ) imphes that the pure spinors transform as 

Qiw^)=V-J^. Q{w-) = v-T, Q(A") = Q(A" 



0. 



(2.16) 



To verify that ( |2.11| ) is BRST invariant, note that the first term in the Lagrangian of 
( p.l2| ) transforms under ( |2.13| ) to 

-77 -( J"VA" + J"VA° - rV>? - J"VA"). 



Using the Maurer-Cartan equations 



-7"^r7 

/a / 



(J^j"-/j"), (2.17) 



/3/3 



the second term in (|2.12|) transforms under (|2.13|) to 

1 



77 -( J"VA° - J VA" + J"VA" - J VA°) 

2 'aa^ ' 



(2.18) 



1 



+-77 -a( J A" + J A^ 

A 'aa ^ 



1 



-77 -a( J"A" + J"A^ 
And the last term in ( p.l2|) transforms under ( |2.13| ) to 



-77 -(J"VA" - J"VA"). 
So ignoring the total derivatives in the second line of ( |2.18| ), ( p.ll|) is BRST- invariant. 



2.3. Nilpotent BRST transformations 

Although it is consistent to use the BRST transformations of ( |2.14| ) and (|2.16| ) which 
are nilpotent up to equations of motion, it will be convenient to include auxiliary antifields 
in the action so that the BRST transformations become nilpotent without using equations 



of motion. As discussed in [|T^ and shown independently by G. Boussard[]2^, this is easily 
done by adding the antifields tf* and zw^ to the AdS^ x action of ( |2.11| ) as 



(2.19) 



where w* and are auxiliary fermionic spinors which are constrained to satisfy 

Vaa(^*rr^^ = 0, v^-iw^rfx'^ = 0, (2.20) 

and therefore each contain 11 independent fermionic components. 

Under the BRST transformations of ( |2.14]) and ( p.l6|) , one finds that 



Q^g = -g{h^-'%^), (2.21) 



dL 



1 ^ ^ f)r 



where 



^^"'^ = ^^aaA°(7"'^r' r = ^"-^"°«'a(7"% T = + ^""^^-(T^A)., (2.22) 

fir 1 ^ ^ 8T 1 ^ 

VA° - -r?[„,][,,]iV«^(7^'^A)", -- = -VA- - -V[aB][cd]{^''' X)" N^' ■ 



When acting on terms which are gauge-invariant with respect to the local 5*0(4, 1) x 
5*0(5) transformations and the {w,w) gauge transformations of (|2.7| ), the terms in ( |2.21J ) 
which are proportional to (/it"^!, ^") can be ignored. To remove the terms in ( |2.21j ) 
which are proportional to the equations of motion -B^ and one should modify the 

aw a dw^ 

a 

BRST transformations of Wn, and to 

Qwa ^r] ^r + wl, Qw^ = r] -J" + w^, (2.23) 
and define the BRST transformation of the antifields w* and w^^ as 

a 



a " 

With the addition of ( |2.19| ) to the action, one can easily check that these BRST transfor- 
mation leave the action invariant and are nilpotent without using equations of motion. 
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2.4- Supergravity vertex operators 

In a general curved supergravity background, physical closed string vertex operators 
in the pure spinor formalism are defined as states of ghost-number (1,1) which are in the 
BRST cohomology. For massless supergravity states, these vertex operators only depend 
on the zero modes of the worldsheet fields = (x"^, 9^, 9^) as 



F = A"A"A^-(Z'^0- (2.24) 
Under the BRST transformation generated by Q = / dzX^da + / dzX^d-^, 

QZ^ = X'^E^iZ) + }?EM{Z) (2.25) 
where is the inverse supervierbein. So 

QV = \^}?{\PEf + \PEM)dMA^^ = {X^Vp + X^V-){X"X^A^^) (2.26) 

where Va = E^^Om + uj^^^^M[ab]) is the covariant derivative and M^°'^^ are tangent-space 
Lorentz generators which act on the spinor indices a and a. Since A7"A = A7"A = 0, 



QV = implies that A ^(Z) satisfies [|2^ 



7:,LeV.A^^ = i^J^,y-A^^ = (2.27) 
for any choice of [abode]. And the gauge transformation 

SV = Q(A°Oa + A"0-) = (A^V^ + A^V-)(A°Qa + A"0-) (2.28) 
implies that A^-^{Z) is defined up to the gauge transformation 

5A ^ = VaO- + V-Oa (2.29) 
where Oq, and are restricted to satisfy 

T^LeV/^O. = tFLv^O^ = (2.30) 

for any choice of [abcde]. 

As shown in , these equations of motion and gauge invariances describe an onshell 
Type II supergravity multiplet. In terms of the standard supergravity superfields, A^-^{Z) 
is identified with the spinor-spinor component B^-j^ of the two-form Bab = E^ E^Bmn 
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in the gauge where {"^abcdeT^ B^p = habcde)"^ B-^-^ = 0. The equations of motion of ( |2.27| ) 
foUow from the superfield constraints 

= H-,, = 0, habcder'T^, = habcdef^T^ = T^l^ = 0, (2.31) 

where 

Habc = E^OimBmp) = ^[aBbc) + ^[AB-^c)r> (2.32) 

is the three-form field strength and is the superspace torsion. And the gauge trans- 
formations of ( p.29|) foUow from the gauge transformations SBmn — d^M^N) which imply- 
that 6Bab = V[^Os) + T^B^c- 

In a flat background, the constraints of ( |2.27| ) can be easily solved in terms of plane- 



wave solutions as A^-g-(Z) = A^-j^i^k^O ,6)e^^^ where /c^ = 0. Furthermore, the holomor- 
phic structure of the sigma model implies that A^^(/c, 6*, 9) factorizes into A^^(/c, 6*, 9) = 
Aci{k,9)A'^{k,9) where Aci{k,9) is the super- Yang-Mills spinor gauge field satisfying 

habcde^^D^Afi = with D^ = ^ + kml'^p9f^. 

Unfortunately, the non-holomorphic structure of the AdS^ x 5'^ sigma model does 
not allow a similar factorization for A^^[Z) in an AdS^ x 5"^ background. Nevertheless, 
the fact that B ^ has the background value of r? ^ in this background implies that the 

aa ° 'aa ^ 

9 — 9 — component of ri""A^-^{Z) is the dilaton. The other components of A^-^{Z) can 
be determined by acting with supersymmetry on the dilaton. 



3. Simplifying the AdS^ x 5"^ Formalism 

In this section, it will be explained that since iVcta^"^""^ BRST cohomology 

in an AdS^ x 5"^ background, there is no need to introduce the non-minimal variables 
which are necessary in a flat background to regularize the functional integral over the 
pure spinors. This simplifles the zero mode measure factor and b ghost in an AdS^ x 
background, and a partial simplification will also occur in the Ramond-Ramond plane- wave 
background. 
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3.1. BRST cohomology and extended Hilhert space 

To show that {rjW) is in the BRST cohomology in an AdS^ x background, note 
that the surface term in (|2.18| ) imphes that 

QLAdS = dJ-df (3.1) 



where LAdS is the Lagrangian of (|2.11|) and 



/ = ^r7^-(A"J« + A^J"), / = -^rj^-^{X-r + rr). (3.2) 



Furthermore, since the BRST transformations of ( |2.14[ ) and ( |2.23| ) are nilpotent, ( |3.1j 



imphes that Qf = dV and Qf = dV for some V. One can easily check for / and / of 
(P) that V = ir7^-A°A". 

Since this procedure relates dimension (1,1) integrated vertex operators and dimen- 
sion (0, 0) unintegrated vertex operators, V = {r]XX) is the unintegrated vertex operator 
associated with the AdS^ x 5"^ Lagrangian. And since the AdS^ radius which multiplies the 
Lagrangian is a physical modulus, {r]XX) must be in the BRST cohomology. Note that in 
a flat background, the analogous procedure using the flat worldsheet Lagrangian produces 
the physical unintegrated vertex operator V = {X'^'^0){X'^rnd). 

Since {rfXX) is in the BRST cohomology, it is consistent to impose the constraint 
that (?7AA) is non-vanishing. If A" and Vaa^" interpreted as complex conjugates, this 
constraint implies that at least one component of A" must be nonzero. In the presence 
of this constraint, the Hilbert space can be extended to include states which depend on 
inverse powers of (^yAA). 

As mentioned in the introduction, such an extension of the Hilbert space in a flat 
background would trivialize the BRST cohomology since it would allow the state W = 
{r]XX)-\r]^-^^X^) which satisfies QW = 1. But since (^yAA) is not BRST-trivial, there is 
no such W satisfying QW — 1 that can be constructed in an AdS^ x background. 

3.2. b ghost 

Since [Q,T] =0 where 

T = ^VabJ'^J' + V^-J"J" - «^aVA« (3.3) 

is the left-moving stress tensor, one can ask if there exists an operator b satisfying 
{Q, b} = T. Before extending the Hilbert space to include inverse powers of {r]XX), such an 



13 



operator does not exist. This situation is analogous to the situation in a flat background 
where, before introducing non-minimal fields, one cannot construct an operator b satisfying 
{Q, b} = Tfiat where Tfiat = \dx^dxm - P^dO^ - w^dX^. 

However, after extending the Hilbert space to include inverse powers of (^AA), the b 
operator can be defined as 

b = ir^XX)-^r[l^^^^rj^+ ^-i^^,)J^^^N'^^jP + lv^^J,,n. (3.4) 
Note that (p.4|) resembles the first term of the b ghost in a flat background which is p 



bfiat = (A"A«)-iA«[^7«^n"^rf/3 + J(7mn)/3"iV™a^^ + ^^^/.^r] + ... (3.5) 

where Aq, is a non-minimal field and ... includes terms with more complicated dependence 
on the non-minimal fields. 

To show that {Q, b} = T, use ( |2.14| ) to compute that 

Qb = (77AA)-M^(r?AA)r?„,JV'' + 1(A7„)« /"(V)-^" (3-6) 
where the identity 

S'J} = lirUhaV - l{r%Hlat)p' - \SZS$ (3.7) 

has been used and terms proportional to w* have been dropped since they vanish onshell. 

2 <OLOL 



One can similarly define b satisfying {Q, b} =T where T = ■krjahJ'^ j'^ + r] ^ j" -fzw^VA 



and ^ ^ 

b = {vXX)-'X-[-\^ac.pTl^ - \{la,)Jvp^N'^''J^ - (3.8) 

Note that b is not holomorphic but db is BRST-trivial. The (/-loop amplitude pre- 
scription in the pure spinor formalism is given by 

A'' 

A, = j J d'^-'r{{ J i,bf^-'{ j llbf'-'tlj d'^rUrizr)) (3.9) 

where Ur are the dimension (1,1) integrated vertex operators and fx and JI are the Beltrami 
differentials associated with the TeichmuUer parameters r and r. One normally requires 
96 = so that (J nb) is invariant under transformations that shift /i by du for any u. 
However, assuming that BRST-trivial terms in the integrand do not contribute, it seems 
to be sufficient to only require that db is BRST-trivial. 
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3. 3. Functional integration and measure factor 

In a flat background, functional integration over the 22 zero modes of A" and A" 
produces a divergent factor since these bosonic zero modes are non-compact. The most 
convenient method for regularizing this divergence is to introduce "non-minimal" variables 
Aq and A^, together with their BRST superpartners and r— , and to modify the BRST 
operator to pQpflp 



Qnon-rmn= / ^^(A^rfa -f r««J") + / C^(A"rf^ -f (3.10) 



where w" and w are the conjugate momenta for Aq, and A^ and the non-minimal variables 
satisfy the constraints 

A7""A = A7""r = A7"^A = A7""f =0. (3.11) 
One then inserts the regulator 

Af = exp[-p Q(^"Aa + r A^)] = exp[-p(A"Aa + A% - ^"r, - e\)] (3.12) 

into the functional integral where p is a positive constant. Since A/" — 1 is BRST-trivial, the 
amplitude must be independent of the constant p and the location of Af. Treating Aq, and 
A^ as the complex conjugates of A" and A", the insertion of Af regularizes the functional 
integration over the pure spinor ghost zero modes because of its Gaussian dependence 
on A. As shown in ||^], functional integration using this regularization method in a flat 
background implies that 

{f{x,e,X,9,X)) = j (f^x j df^Xdf^Xd^^Xd^^X J d^^9d^^9d^^rd^^rAf f{x,9,XAX) 

(3.13) 

A j {df>9U...^,{d%^^ 

OA OA OA dX dX dX 

f{x^9,xM)s=o^o 

where f{x,9,X,9,X) is assumed to have ghost-number (3,3) and be independent of the 



non-minimal flelds. Note that ( |3.11| ) implies that r^ and each have 11 independent 



components, and integration over these components reduces the J d^^9d^^9 integral to 
/ d^9d^9 because of the r^ and dependence in Af. 
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In an AdS^ x background, the fact that (t^XX) is in the BRST cohomology aUows 
one to treat A" and r]^-^X" as complex conjugates instead of introducing non-minimal 
variables. Although the zero mode integral / d^^Xd^^X diverges because of the scale factor 
in A, one can easily regularize this divergence by restricting the zero modes of A" and A" 
to satisfy (ryAA) = A for some positive constant A. Since {r]XX) is BRST-invariant, this 
regularization preserves BRST invariance. Furthermore, since the ghost-number anomaly 
implies that genus g amplitudes violate ghost-number by (3 — 3g, 3 — 3g), the dependence 
on A can be absorbed by shifting the string coupling constant from to e'^ = A~^e'^. In 
other words, the factor of e'-^^"^-''^ = A^~^^e^'^^~'^'''^ at genus g includes the A dependence. 

With this regularization, the zero mode integration for tree amplitudes simplifies to 



(/(x,6',A,6',A)) = J d'^'x J d'^'Od'^e sdet{Eti) J d'^^Xd'^'X /(x, 6*, A, 6*, A) (3.14) 

where sdet{E^) is the superdeterminant of the AdS^ x 5"^ supervierbein and / d^^Xd^^X 
is an integral over the projective pure spinors which (after Wick rotation) parameterize 
the compact space ^^j^- For example, for three-point supergravity tree amplitudes. 



/ = (A"A"A(lI(Z))(A"A"A(^i(Z))(A"A"A(^i(Z)) (3.15) 

aa aa aa 



where A"A"A^^(Z) is the supergravity vertex operator of (|2.24| ). Integrating over the 
projective pure spinors gives 

J d^^X J d^^X f = T«"^^))««^))ylJ^^i(Z)A^|(Z)A^^(Z) (3.16) 

where T^^'^f^'^^'^^^"^'^^'^ is the constant tensor obtained by symmetrizing ri°^°^ri^f^rf'^ with 
respect to (a/?7) and (a/97) ^"^^ removing the gamma-matrix trace terms, i.e. removing 
the terms proportional to 7^'^ or 7^^. 

So the onshell three-point tree amplitude in an AdS^ x 5'^ background is claimed to 

be 



d'^'x j d'^'Od'^'e sdet{E^) T^^''>'^'>^^"''''>>A'tl{Z)A'^j{Z)A)1^{Z). (3.17) 

It might seem surprising that the zero mode integration in an AdS^ x 5"^ background selects 
the term in (A^-^)^ with 16 {96)^s whereas the zero mode integration in a flat background 
selects the term in (A^-^)^ with 5 {66)^s. However, note that three-point amplitudes in 
an AdS^ x 5"^ background can be computed as a sum over A^-point amplitudes in a flat 
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background where (A^ — 3) of the vertex operators deform the flat background to AdS^ x S^. 
If 11 of the extra vertex operators are Ramond-Ramond vertex operators containing the 
term J d'^zP'^'^dad-^, one could contract 11 {99)^s in (A^-^)^ with these vertex operators 
and convert the flat zero-mode measure factor into the AdS^ x 5"^ measure factor. So 
the J d'^zF'^'^dad'^ term in the AdS^ x action of (|2.9| ) plays the same role as the 
exp[p(^"rQ,-|-^"f^)] term in the regulator of ( |3.12| ) which absorbs 11 {66)^s after integrating 
over J d^^r J d^^r. 

A separate argument for the validity of the integration measure of ( |3.14| ) is that it is 
manifestly PSU{2, 2|4) invariant since it can be written as 

{f{x,e,\e,X)) = j Dg Jd'^Xd'^Xfig^^X) (3.18) 

where g is the so^^i)x'so(5) ^o^^t ^9 the corresponding Haar measure. For three- 
point supergravity amplitudes in an AdS^ x background, PSU {2, 2\4) invariance to- 
gether with gauge invariance is expected to completely fix the amplitude up to an overall 
constant. 

This is analogous to the statement that the three-point supergravity amplitude in a 
flat background is completely fixed by super-Poincare invariance and gauge invariance. In 
a flat background, the expression J d^^x J d^^O J d^^9{XXA)^ would vanish by dimensional 
arguments since it carries 11 too many factors of momentum and since k^-ks = for on-shell 
three-point amplitudes. For this reason, the correct measure factor in a flat background 
involves an integration over only 5 {99)^s. But in an AdS^ x 5"^ background, there is no 
such dimensional argument since the expression J d^^x J d^^O J d^^9{XXA)^ can depend on 
inverse powers of the AdS radius as {rAds)~^^- So assuming that ( |3.17|) does not vanish 
for some unknown reason, PSU{2, 2|4) invariance implies that it must be proportional to 
the correct three-point supergravity amplitude in an AdS^ x 5"^ background. 

For amplitudes at non-zero genus, the prescription in the pure spinor formalism is to 
insert {3g — 3) b and b ghosts and integrated vertex operators into the functional integral 
as in (|3.9|) . After integrating out the non-zero modes of the worldsheet flelds, one needs to 
integrate over both the zero modes of (x, 6, 9, A, A) and the g zero modes of the spin-one 
variables Wa and (v-^. In a flat background, integration over the zero modes of Wa and u;^ 
produces divergences which are regularized by including the term 

exp[p g(l(A7"^)iV„, + l(xr's)Nab)] (3.19) 
17 



in the regulator Af of (|3.12| ) where Nat and Nab are the Lorentz currents for the non- 
minimal variables and are the conjugate momenta for (rQ,r^). However, in an 
AdS^ X background, the worldsheet action of ( |2.9D already contains exp(— A^^'^A^ab) 
dependence because of the AdS^ x 5"^ curvature which couples the left and right-moving 
Lorentz currents. So the curvature of the AdS^ x 5"^ background acts as a regulator for 
the {wcc, w-^) zero mode integration and eliminates the need for the non-minimal regulator 
AT of ( FT9| ). 

It should be noted that because of the non-holomorphic structure of the sigma model, 
the measure factor for open string scattering amplitudes in AdS^ x will not be the 
"holomorphic square- root" of the closed string measure factor of (|3.14| ). For example, for 
Ds branes at the boundary of AdS^, the boundary condition A" = (70123)^-^^ implies that 
;^^oi234^ _ x^-^x = because of the pure spinor constraint A7"A = 0. So one cannot 
impose that (77AA) = on the brane boundary. 

To regularize the functional integral over pure spinors in the presence of branes, 
one therefore needs to introduce the same non-minimal variables (Aq, Tq,) on the boundary 
as one would introduce in a flat background. After inserting the non- minimal regulator 
J\f = exp[— p(A"Aq — 0°'ra)] on the boundary and integrating over the non-minimal fields, 
the zero mode measure factor for open string amplitudes will involve integration over only 
5 9's. This is expected since open string amplitudes on AdS^ x describe Af = 4 d = 4 
super- Yang-Mills amplitudes which, like d = 10 super- Yang-Mills amplitudes, are naturally 
expressed in pure spinor superspace as integrals over 5 9's [PD| [PT|. 



3.4- Ramond-Ramond plane-wave background 

It is instructive to compare the structure of the zero-mode measure factors in flat 
and AdS^ x backgrounds with the zero-mode measure factor in a Ramond-Ramond 
plane- wave background. The pure spinor action in this background was described in 
and has the same structure as ( |2.9| ) except that the non-vanishing components of F"^ and 
Rabcd take the values 

i^"^ = ^^F^'''"''l£,,r = (7-1234)"^ R+j+k = (3.20) 

where = ± x^ and j = 1 to 8 denote the transverse directions. 
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Splitting da and d-^ into their SO{8) components as 

dA = i'j+'y-d)A: dA' = {l-l+d)A', cT- = (7+7-^)-, cT- = (7.7+ cf)- (3.21) 

where A' = 1 to 8, the term dciF°'^d^ in ( p.9|) imphes that dA and (i^ are auxihary 
variables which can be integrated out. But the variables dA' and d^i are propagating and 
couple to 9^ = (7~7"'~^)'^ and 9^ = (7~7"'~^)"^ through the first-order action 

j d^z[dA'd9^' + d2,d9^']- (3.22) 



In this plane- wave background, the operator ^^^^A^A" of ( p.. 3] ) is replaced by 
- , -rA^A^ where ri (a^^^"^) , - 



A7_|_i234A = ry^A^A"^ where rj 'y= (a^^"^^) constructed from the S0(8) Pauli matri 



ces Caa' 

A^ = (7+7-A)^, A^' = (7-7+A)^', A^=(7+7-A)^ A^' = (7-7+A)^'. (3.23) 

Since ^^^A^A"^ is in the BRST cohomology, one can treat Vaa^^ complex conjugate 

of A"^ and impose the constraint that ^^^A'^A^ is non- vanishing. 

This resolves the problem of functional integration over A^ and A^, but one still needs 
to regularize the functional integration over the remaining components A^ and A^ which 
are 5*0(8) pure spinors since they satisfy the constraint 

A^'A^' = P'A^' =0 (3.24) 

coming from the condition A7"'"A = A7"'"A = 0. This regularization can be performed by 
introducing non-minimal fields Xa' and A^, and their BRST superpartners r^/ and r^, 
which satisfy the constraints 

Aa'A^' = A^'r-A' = A;^,A- = A- f- = 0. (3.25) 



A 

the non-minimal regulator as 



One then adds the term j dzrA'W^ + / dzr^,w to the BRST operator and defines 



N = exp[-p Q{9^'\a' + ^^'%)] = exp[-p(A^'A^, - 9^'rA' + A^'A;^, - O^'r^,)] (3.26) 

Since there are seven independent ta' and r^, variables, the zero mode integration in a 
plane-wave background is of the form 

(/(x,6',A,^,A)) = j d^^x j d^^Xd^^Xd'^Xd'^X j d^^9d^^9d''rd'^rMf{x,9,X,9,X) (3.27) 
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where the integration / dXdX is over the projective part of A"^ and A"^ (keeping Vy^^^^^"^ 
fixed). So instead of selecting the term in / with 5 {99)^s or 16 {69)^s, the zero mode 
measure factor in a plane- wave background selects the term in / with 9 {99)^ s. 

Although this result may seem strange, it is consistent with the expectation from light- 
cone gauge analysis. In light-cone gauge, the supergravity vertex operator in a plane-wave 
background depends only on the transverse zero modes and has the form [|T5[ 



$ = /(a],4)|0) (3.28) 

where aj and s]^ are 8 bosonic and 8 fermionic operators constructed from the zero modes 
which "excite" the ground-state wavefunction |0) of the harmonic oscillator for the massive 
zero modes. In terms of the zero modes {x^ , 9"^, 9^), the Lagrangian is 

1±J±J + '-k+{9H^ + 9^9^ - ik+fi\x'x' + iv.T^^oh (3.29) 
2 2 2 

and the ground-state wavefunction is 

|0) = \ATik+\-'^e^^{-\k+\{\x'x' +ir]^^^9^)) (3.30) 

where /c"*" is the P"*" momentum of the state. 

In light-cone gauge, the measure factor ($i|$2)lc can be computed either by using 
the commutation relations of the operators in ( |3.28|) or by evaluating the functional integral 



($i|$2)^c = j (Tx j d''9 J d''9 $i(x^6'^,^^) $2(x^6'^,n- (3.31) 
Note that |0) has a well-defined norm since 

(0|0)iC = Jd'^J J rfS^|47rfc+|-4e-l'^l^"'"'+'^^^'"'"^ = 1. (3.32) 
The covariant measure factor of ( p.27|) can be compared with the light-cone measure 



factor of (|3.31| ) using the relation that (Vi|coCo|1^2) should be proportional to ($i|$2)lc 
where V is the BRST-invariant vertex operator of ghost- number (1,1) corresponding to the 
light-cone vertex operator and cq and cq are operators satisfying {bo, cq} = {6o, cq} = 1. 
The factors of cq and cq come from BRST gauge-fixing and are necessary for the covariant 
measure factor to have ghost-number (3, 3). 
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In a plane-wave background, the BRST-invariant vertex operator corresponding to 
the hght-cone field ^{x^ ,9"^, 0^) is 

V = A"A"A^^(x, 6, e) = (r7^^A^A^)$(x^ 6*^, ^^)e^^''-"+^^"^+ + ... (3.33) 

where $ is the light-cone superfield of (|3.28| ) and ... depends on 9"^ and 9"^ and is de- 
termined by BRST invariance. Furthermore, since the b and b ghosts in the pure spinor 
formalism have the term 

b = (XA'X^')~^dx+(X'y-d) + b = (XA'X^')~^dx+(X'y-d) + (3.34) 

one can define cq and cq satisfying {bo, cq} = {^o, cq} = 1 as 

CO = [{dx+)-'X^'9^']o = {k+)-'X^'9^\ CO = [(dx+)-'X^'9^']o = {k+)-'X^'9^' . 

(3.35) 

So the covariant measure factor of ( |3.27|) implies that 

{Vi\coCo\V2) = j A j d^9'^ j d^d'^ j dXdX j d9A'-^ j ^^a'^ (^.36) 
(r7^^A^P)2 $i$2 (A;+)-2(A^'0^')(P'^^')e*('=f+'=^)--+^('=r+fc2-)-+ 
= {k^)-^5{k+ + kt)5{k^ + k:^) j d^x j d^9^ j rf^^^$i$2, 



which is proportional to the light-cone measure factor ($i|$2)lc of ( |3.31D . 

So in a plane- wave background, the covariant measure factor involving integration over 
9 {99)'' s is related to light-cone integration over 8 {99)'' s plus an additional integration over 
99 coming from the cqCq term. In a fiat background, the covariant measure factor of ( |3.13| ) 
involving integration over 5 {99)^s can be similarly related to light-cone integration over 4 
{99)^s plus an integration over 99 coming from the cqCo term. In light-cone gauge in a fiat 
background, the fermionic zero modes are massless and in order to construct normalizable 
wavefunctions, the SO{8) components 9"^ and 9^ need to be split into U{4) components 
as {9^,9i) and {9^,9^ for /, / = 1 to 4 |3^. The resulting light-cone wavefunction is a 



chiral superfield ^{9^,9^) satisfying the reality condition 

DiDjD^D^ = ^eijKLe^^D^D^D^D^^, (3.37) 
and the light-cone measure factor in a fiat background is 

($i|$2)lc = j d^x j d^9^ j d^P^i^2 (3.38) 

which involves an integration over only 4 {99)^s. 
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4. Topological AdS^ x Sigma Model 

In this section, a BRST-trivial action will be constructed with the same BRST oper- 
ator and stress-tensor as the AdS^ x action of (|2.11|) , and will be shown to arise from 



gauge-fixing the G/G principal chiral model where G = PSU{2,2\4). This topological 
action will then be argued to describe the zero-radius limit of AdS^ x by comparing 
its physical states with the spectrum of gauge-invariant operators of free M' = 4 d = 4 
super- Yang-Mills. A handwaving argument based on open-closed topological duality will 
then be proposed for showing that the scattering amplitudes of this topological string co- 
incide with super- Yang-Mills scattering amplitudes in the limit of small 't Hooft coupling 
constant. 

4.1. Topological action 

Because of the possibility of including (ryAA)"^ dependence in the action, one can 
construct a BRST-trivial action which has the same stress tensor as the AdS^ x 5"^ action 
of ( |2.11| ). This topological action is 



Stop = / d'z Q{^) (4.1) 



where 



2(r7AA) 

* = ^(^AA)-A^(l7„-^T/+ + (4-2) 

I act / ^* * ^ \ 

+ -ri [w — w ^w^) . 

Note the close resemblence of the first two lines in ^ with the h and h ghost of ( p.4|) and 
(p78|), and that the last line of \E' is gauge-invariant under ( p.7| ) because of the constraints 
of ( |2.20| ). Since Q is nilpotent, (|4.1| ) is invariant under the BRST transformation of (|2.14| ) 
and ( |2.23| ) and the resulting Noether charge is 

Q^/d.,„,A".S + /^,„,rr (4.3) 

as before. 
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Using the identity of ( p77|) and the BRST transformations of ( |2.14|) and ( p.23|) , it is 
straightforward to show that (5\1/ is equal to the Lagrangian of ( [4 .11 ). The BRST transfor- 
mation of the first hne of ( |4.2[ ) is 



^ 2[r]XX) 8{r]XX) 

(4.4) 

the BRST transformation of the second hne of (14.21) is 



^ 2(r7AA) 8(r7AA) 

(4.5) 

and the BRST transformation of the third hne of ( [4.2| ) is 



^[2r7--«;>J + < - u;^J^ - w^VX" + iv^VX^ - 2r?[.,][,,]iV«''iV^'^]. (4.6) 

It is interesting to note that the difference between the topological and AdS^ x 5"^ 
actions of (|TT|) and ( PTTT| ) is 

^.op-5^.s.x5^ = (4.7) 

where the pure spinors (A", A") choose a complex structure which allows the covariant 
construction of a Wess-Zumino term from the bosonic currents (J", j"). Using A7"A = 
A7"A = and the BRST transformation of ( |2.14D , one can easily check that ( ^.7| ) is BRST- 



closed. And since (|4.7| ) is antisymmetric in z and z, it is clear that the stress tensor of 
Stop is equal to the AdS^ x stress tensor of ( ^73|) . 

One can formally define an analogous topological action in a fiat Type II background 

as 

S{o;' = I Q(vE'^^"*) (4.8) 
= [ d^z[ ^ (7aA)a(7bA)- ^^-b _ -^^ ^^^^^ _ -^^ ^^^^^ r]°'^w*w^ 

J 2(77AA) " a / « aJ 

where H" = + O'j'^dO + O'j'^dO, r]"" is a constant bispinor, and 

vl>^"^* = l(r?AA)-iA\^(^7a^n"rf^ + l(7„,)^iV-^a^^ + (4.9) 
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+ -77 {w^w^-w^w^}. 

The choice of 77"" breaks Lorentz invariance for the Type IIB superstring, but for the 
Type IIA superstring, Lorentz invariance can be preserved by choosing 77"" = 6"". Note 
that unhke the usual pure spinor action in a flat background, the topological action S'/j^* 
is manifestly spacetime supersymmetric and satisfies 



Si::' - Sflat = <fz[ ' ^^";^"^\^°^'^" (n"n° - n'^) - Lwz] (4.10) 



4(77AA) 

where Lwz is the standard Green-Schwarz Wess-Zumino term. However, unlike the topo- 
logical AdS^ X 5"^ action of ([4.1D, the topological action of ( J4.8D in a flat background is 



not well-defined since inverse powers of (77AA) are not allowed in the fiat Hilbert space. 
As emphasized in section 3, the presence of inverse powers of (77AA) in a fiat background 
would trivialize the BRST cohomology. 

4-2. G/ G principal chiral model 



In 1^] and [|T0[, an A-twisted N = 2 worldsheet supersymmetric sigma model con- 
structed from the fermionic coset so^^'jx'soiG) conjectured to describe the zero-radius 
limit of the AdS^ x superstring. This topological sigma model was related by a field 
redefinition to the AdS^ x 5"^ sigma model of (|2.11|) , but the BRST operators for the 



topological and AdS^ x 5"^ sigma models were different. It was then shown in [jTT| that 
this N = 2 worldsheet supersymmetric sigma model constructed from the fermionic coset 
so^^'j'x'soiG) co^^'i be obtained by gauge-fixing the G/G principal chiral model 

S^Str j d^z{G-^dG- A){G-^dG-^) = j d^zrj^^ ( - A^)(J^ - A^) (4.11) 

where G takes values in PSU (2, 2|4), J = G~^dG are the left-invariant currents, 77^^ is the 
PSU (2, 2|4) metric, and (A, A) is a worldsheet gauge field taking values in the PSU (2, 2|4) 
Lie algebra. Although this G/G model appears to be trivial, it will be argued later that 
it contains non-trivial physical states because of boundary conditions on the non-compact 
PSU{2,2\A) generators. 

The action of ( [4.11| ) is invariant under the local PSU {2, 2|4) gauge transformations 



5G = GVl, 5A = dn+ [A, n] , (4.12) 
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and to obtain the supersymmetric sigma model based on the fermionic coset, one first uses 
the SO{4, 2) X SO{6) generators of Q to gauge away the bosonic elements in G so that G 
takes values in the fermionic coset 50(4^2) x'so(6) • then uses the fermionic generators 
of O to gauge-fix 

= + iA" = 0, A"~ =A" -iA" = 0, (4.13) 

where Tq,+ = Tq. + iT^ are the 16 fermionic generators in the upper-right square of 
PSU{2, 2|4) and Tq,_ = — iT^ are the 16 fermionic generators in the lower-left square 
of PSU{2,2\4). 

This fermionic gauge-fixing gives rise to bosonic ghosts {Z"~ , Z ) and antighosts 
(Yq,_, yQ,_i_) with the Faddeev-Popov action 

Sgh = j dh[-Y^.VZ''- + Y^+VZ'"^] (4.14) 

and the BRST operator 

Q = J dzri^pZ'^- JP+ + j dzr]^pZ^^T~ (4.15) 

where 770/3 = (7'^^^'^^) a/3- Note that = without imposing pure spinor constraints 
on Z"~ and Z because Tq,+ and Tq,_ satisfy {Tq,_|_, T^_|_} = {Tq,_,T/3_} = 0. In this 



gauge, the action of (|4.11|) reduces to an A-twisted N = 2 worldsheet supersymmetric 



sigma model where {Z'^~, , ^a-, ^a+) are the bosonic worldsheet superpartners to the 
fermionic coset so^^)x'so(6) ( [1-15| ) is the scalar worldsheet supersymmetry generator. 

Although the BRST operator of ( ^4.15| ) in this gauge-fixing is different from the original 
AdS^ X BRST operator of ( |2.13| ) , it will now be shown that there is an alternative gauge- 
fixing of the G/G model of (|4.11|) which leads to the topological action of ([4.1| ) and which 



has the same BRST operator as (|2.13| ). To obtain the topological action of ( ^T|) from 
( [4.11|) , one first uses the local SO{4, 1) x SO{5) gauge invariances of ( [4.12| ) to gauge-fix G 
to take values in the Metsaev-Tseytlin coset so^^i)x'so{5) • next uses the fermionic 
gauge transformations of (|4.12[ ) to gauge-fix 



A" = 0, A" = 0, (4.16) 

which gives rise to unconstrained bosonic ghosts (Z", Z") and antighosts {Ya^Y-^) with 
the Faddeev-Popov action 



^gh = I d'zi-Y^VZ'' + Y^VZ ] (4.17) 
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where VZ" = + iA'"^^(7[„b]^)" and VZ" = + iA["^](7[„fc]Z)" Since {T«,T^} 
and {T^, T-^^} are nonzero and and are unconstrained, the BRST operator 



Q = I dzr^^-Z-r + / dzr^^-Z'^r (4.18) 



imphed by this gauge-fixing would not be nilpotent. 

However, one stiU has ten bosonic gauge transformations of ( [4.12| ) which need to be 



gauge-fixed. Although one could naively use these gauge transformations to gauge away 
the remaining bosonic components of G, this will be argued later to be inconsistent with 
the boundary conditions of the PSU{2, 2|4) gauge parameters. Instead, one can use these 
ten gauge transformations to gauge-fix 5 components of A"" and 5 components of to 
zero. The choice of which five components of A"" and are gauge-fixed will be correlated 
with the bosonic ghosts (Z'",Z'") in such a manner that the resulting BRST operator 
is nilpotent. Using an AdS^ x adaptation of the "extended pure spinor formalism" 



of Aisaka and Kazama this BRST operator will then be shown to have the same 
cohomology as the original AdS^ x BRST operator of ( p.l3|) . 

To determine which components of A"" should be gauge-fixed, note that {'~^a)ai3Z°' 
is a null vector which decomposes under S'0(4, 1) x 5*0(5) into 

$J = (7/)a/3^"^^, = (7/)a/?^"^^ (4.19) 

for / = to 4 and / = 5 to 9. Furthermore, if $/ is zero for / = to 4, then \1/ j is also zero 
for / = 5 to 9. This can be seen from the fact that a pure spinor contains 11 independent 
components and therefore satisfies 5 independent constraints. So if = for / = to 4, 

will be a pure spinor, which implies that = for / = 5 to 9. Since $j = implies 

= 0, there exists an invertible matrix Mj[Z) such that 

^j{Z) = Mj{Z) $j(Z). (4.20) 

It will be convenient to define the matrix A/"/ (Z) such that 

7„«^Z"Z^ = Ni{Z)^i{Z) (4.21) 

where A/"/ = 5^ for a = to 4, and A"/ = for a = 5 to 9. Since r]''^{Z-^aZ){Z-^bZ) = 
and since the $/'s are independent. A/"/ satisfies the identity 

r^^^AAiA"/ = 0. (4.22) 
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Similarly, one can define the matrix Ar^(Z) such that 



(4.23) 



One now uses A/"/ {Z) and Ar^(Z') to choose the gauge-fixing conditions 
for / = to 4. With this gauge-fixing, the G/G model of ([4.11| ) becomes 



(4.24) 



S = I dhlvABiJ^ - A^){f - a"") + f.MlA'^ + /.ATU" + /aA" + f-A^ (4.25) 
-y«(VZ" - r?--(Z7„);;r - c'^ifv.iA^) + F;;(Vr + r;--(Z7„)„A" + c'^ifr^^^AP) 



-6jArf (Vc" + (^7")-^" + (^7")a^") - 6,AC(Vc« + (Z7'^)„A" + (^7")-^^ 
and the BRST operator is 

Q = j dzlZ'^U + biR"<^j + c"(Arf // + Ka)] 



(4.26) 



„a f * rl' 



where {fi^fi^fa^f'^ are Lagrange multipliers which impose the gauge-fixing conditions, 

(c", Z", Z") and {bi,bi, Yq, y^) are the Faddeev-Popov ghosts and antighosts coming from 
the gauge-fixing of ( [4.16|) and (|4.24|) , and 



R'J^V'^'^'M, ^ 77„-(7al^)"^", Ka^rj^^i^aYfz". (4.27) 

After integrating out the worldsheet gauge fields and Lagrange multipliers which sat- 



isfy auxiliary equations of motion, (|4.25|) reduces to 



S = I d^z[J-Af^RjjjrU' + V-J'^J^ - Fa(VZ" + ...) + y;;(VZ° + ...) (4.28) 



-6,Arl(Vc" + ...) + hjMi{Vc^ + ...) - r?[«''H^'^](^y7a6^ + hjJf[c,){^-Y^,aZ + SjAT/c,)] 
with the BRST operator 

Q = j dzirj^^Z'^J^ + bjR"<^j + c''AfiRj}Afif{j' - K') + c'^K^] (4.29) 
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where 

VZ- = dZ^ + ijf"'^(7„,Z)", VZ" = + 1 J[-^](7„,Z)^, (4.30) 

and i?7j is the inverse matrix to R^"^ = r^^W^A/"/ satisfying RjJR'^^ = 5f. Note that the 
last term of ( |4.28| ) comes from integrating out A^°'^^ and ^^"^^ which converts the covariant 
derivatives in ([4.171 ) into the covariant derivatives of (|4.30p . 

As shown in using "homological perturbation" theory, the BRST operator of ( ^.291 ) 
is equivalent to the BRST operator Q = J dzTj^-^X^ + J dzrj^-^X°'J^ where the terms 
/ dzhiR^"^ ^ J and / dzbjR"^^ in ( [4.29| ) have been used to strongly impose the constraints 
$/ = $7 = and to gauge c" = 0. In the presence of the constraints $/ = $/ = 0, the 
ghosts Z" and reduce to pure spinors which will be called A" and A". Furthermore, 
$j = = implies that (A7")aA/'/ = (A7")-Ar^ = 0, and that 

AflRjjJft = (4.31) 
2(77AA) 

where the normalization of ( [4.31| ) is fixed by ri"-^{N'^R'jjl\f'l) = ^Ij^^^ = 5. Finally, 



when c" = and = = 0, it is straightforward to check that the ... terms in ( |4.2(j| ) 
are zero and that (f4.28| ) coincides with (|4.1|) . 

So it has been shown that the topological AdS^ x action of ( |4.1D and BRST operator 
of (|4.3|) can be obtained from the G/G principal chiral model of ( [4.11|) by choosing the 
gauge 

A" = A" = A/'/(Z)A" = Jl[(Z)T = 0, (4.32) 

where the tensors A/'/(Z) and l\f^^{Z) are constructed from the bosonic Faddeev-Popov 
ghosts. In the next subsection, it will be argued that this topological model describes 
the zero-radius limit of the AdS^ x superstring which is dual to free M = A d = A 
super- Yang-Mills theory. 
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4-3. Physical states 

If the topological model of describe the zero radius limit of the AdS^ x 5"^ 

superstring, physical states in the BRST cohomology of this model should correspond to 
gauge-invariant super- Yang- Mills operators at zero 't Hooft coupling. Naively, the G/G 
model has no physical states since one could use the local PSU{2, 2|4) gauge invariance of 

( [4 .121 ) to gauge G = 1. In this gauge, there are no propagating ghosts and the equations 

- ^ 

of motion for the worldsheet gauge field are simply A = A =0. 

However, because of the non-compact generators in PS't/(2, 2|4), there are subtleties 
in choosing the gauge G = 1. Suppose one parameterizes the PSU(2, 2|4) matrix G as 

G = exp(x'-P^ + e^^q^ + e%) eM-yD + </>,fci?^" + trnnM--) exp(/i^i^- + ^^s^^ + %s^^) 

(4.33) 

where (Pm, Q^*, are the A/" = 4 d = 4 translation and supersymmetry generators for m = 
to 3, j = 1 to 4 and {^jl, /i) = 1 to 2, (D, M"^'") are the dilatation, SO{<o) /^-symmetry, 
and S'0(3, 1) Lorentz generators, and {K"^, ^t^'^j^ conformal and superconformal 

generators. With this parameterization of G, the global PSU{2,2\4) isometries 6G = 
EG transform the variables (x"^, 6*^^, 6*^) into themselves in the standard J\f = 4 d — 4 
superconformal manner. Furthermore, using the relations 

(4.34) 

one finds that in the limit y — > oo, the variables (/i"^, ^j^^'^p) are invariant under the global 
PSU (2, 2 1 4) transformations. So it is natural to identify {x"^, 9jj^,9'^) as parameterizing the 
boundary of AdS^ x in the limit where y oo. 

Under the local PSU{2,2\4) gauge transformations SG = GO of ( [4.12| ), one could 
naively gauge-fix to zero all the variables in ( [4.33| ). However, using the relations 

e-^^P^ = (e-^P^)e-^^, e'^^^ = (e-^X)^"^""' = (^''^'^'fJ^'''' ^ 

(4.35) 

one finds that in the limit where y —>■ oo, the variables (x"^,^^,^^) are invariant under 
these gauge transformations. So assuming that the gauge parameters in O of ( [4.12|) do 
not blow up when y ^ oo, the boundary of AdS^ x is gauge-invariant and cannot be 
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gauged away. The G/G principal chiral model could therefore have physical states which 
depend non-trivially on the AdS^ x boundary variables (x"*, 6*^, 6*^) when y oo.i 

In fact, it is easy to verify that in the gauge of ( [4.32| ) where G takes values in the 
Metsaev-Tseytlin coset g G go(4^) xgo(5) ' ^^ere are such physical states in the BRST 
cohomology. Using the topological action of (^J]), the BRST operator of ( ^73|) transforms 



Qg = g{X^T^ + A«T^) (4.36) 

in precisely the same manner as in the AdS^ x formalism of section 2. So the supergravity 
vertex operator V = X°'X"A^-^{x, 9, 0) is in the BRST cohomology of the topological model 
when A^-^ satisfies the equations of motion and gauge invariances of (|2.271 ) and ( |2.29| ). 



These supergravity vertex operators depend only on the zero modes of the worldsheet 
variables and correspond to the half-BPS Yang-Mills operators. Vertex operators corre- 
sponding to non-BPS Yang-Mills operators are expected to depend on non-zero modes of 
the worldsheet variables and will be more difficult to explicitly construct. Nevertheless, it 
will be conjectureed that these non-BPS vertex operators can be obtained from BPS ver- 
tex operators by transforming the worldsheet variables described by the Metsaev-Tseytlin 
coset g G 50(4,i)x's'o(5) 

5g{a) = n^)g{a) (4.37) 

where < a < 27r is the closed string parameter and S(ct) is a PSU{2, 2|4) transformation 
which is allowed to depend on a. 

Since (|4.37| ) acts by left multiplication and the BRST transformation of ( |4.36|) acts 
by right multiplication, BRST transformations commute with ( [4.37| ). So QV{g) = 



implies that QV{g + 6g) = where 6g is defined in ( |4.37D . When E is independent of 
cj, ( [4.37| ) is a global PS'[/(2,2|4) transformation which takes half-BPS vertex operators 
into half-BPS vertex operators. But when E depends on a, ( [4.37|) can take half-BPS 
vertex operators into non-BPS vertex operators which depend on non-zero modes of the 



^ Using the gauge- fixing to the fermionic coset, the x"^ variables were gauged to zero which 
explains why it was difficult to construct physical vertex operators in terms of the fermionic 



coset variables. In [11 1, it was conjectured that the non-trivial physical states could emerge after 
including a kinetic term for the worldsheet gauge field. However, this conjecture appears to be 
incorrect since the kinetic term goes to zero in the infrared limit of the sigma model. I would 
like to thank A. Polyakov for correcting this point and for suggesting that the topological action 
should be perturbed by an appropriate radius-dependent operator. 
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worldsheet variables. Although ( ^4.37| ) does not leave invariant the topological action of 
when ^o-S is nonzero, the change of the topological action is BRST-trivial and can 
be expressed a-s dS = f d'^zQ[i>{g + Sg) — ^'(fi')] where \1/ is defined in (^4.9| ). So the 
transformation of ( [4.37| ) takes physical states into physical states. 

To see an example where ( [4.37| ) transforms a physical half-BPS vertex operator into a 
physical non-BPS vertex operator, consider the half-BPS vertex operator |0) j correspond- 
ing to the long gauge-invariant super- Yang-Mills operator 

Tr{Z^) (4.38) 

with large i2-charge J where Z is the scalar at x"^ = with i?-charge with respect to a 
U{1) direction of SO{6). To be explicit, choose Z = (pi2 where cpjk are the six Yang-Mills 
scalars and J is the charge with respect to the U{1) generator + R2— R^— -R4). The 
operator of ( [4.38 ) is invariant under all PS't/(2,2|4) transformations of (|4.37 ) except for 



the four translations P^, the four /^-symmetry generators (i^g, R\, i?|), and the eight 
supersymmetry generators {qi^,q^,qj^,q'ji^). Under these eight bosonic and eight fermionic 
transformations, the operator of ( |4.38| ) transforms in the same manner as in a Ramond- 
Ramond plane- wave background when acted on with the eight bosonic and eight fermionic 
light-cone oscillators []T5[ . 

To be more explicit, suppose that (Sn)j transforms g{a) as dg{cr) = e'^'^" R'^gi^a). 
Then (E^)3|0)j is the vertex operator corresponding to the long gauge-invariant Yang- 
Mills operator 

J 

^ Tr(Z'^ (/)32Z^-"^)e2^^"^. (4.39) 

m=l 

As in a plane- wave background, this operator vanishes by cyclicity of the trace so one needs 
at least two a-dependent transformations to construct a physical states which satisfies 
Lq — Lq = 0. For example, (E_„)4(E„)3|0) j is the non-BPS vertex operator corresponding 
to the long gauge-invariant Yang-Mills operator 

J 

J2 Tr{(P42Z'^ (/)32Z^-"^)e2™'T. (4.40) 

m=l 

The spectrum of these non-BPS operators is easily computed using the PSU{2,2\4) 
algebra. For example, [D — J, Rl] = R^ and [D — J, Rl] = Rl where D is the dilatation 
generator. So the state {'E-n)\{'En)3\0) j has eigenvalue D — J = 2 which is independent of 
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n. This agrees with the expected result at zero 't Hooft coupling since the large -R-charge 
formula for the eigenvalue of the n*'' oscillator mode is 



{D-J)^ = \ll + ^^n^ (4.41) 



which is independent of n when QsN = 0. 

4-.4- Scattering amplitudes and open-closed duality 



If the topological action Stop of (^4.1| ) describes the zero-radius limit of the ^^5*5 x S^ 
superstring, the AdS^ x S^ superstring at infinitesimal radius r should be described by the 
action 

Sr = Stov + r''SAdS (4.42) 

where SAdS is the vertex operator for the radius modulus and is also the original AdS^ x 5"^ 
action of ( |2.11D . Since Stop and SAdS are both invariant under the BRST transformation 
generated by ( |2.13| ), (|4.42| ) is also BRST invariant^ Note that one could also consider 
the action 5'^ = tStop + f'^SAdS where t is a constant, but since Stop is BRST-trivial, the 
theory must be independent of the value of t. 

The Maldacena conjecture predicts that perturbative superstring scattering ampli- 
tudes computed in the background of (|4.42|) should coincide with perturbative correla- 



tion functions of gauge-invariant super- Yang-Mills operators at small 't Hooft coupling. 
Although it is not yet known how to compute topological string amplitudes in the back- 
ground of ( f4.42| ), a handwaving argument will be sketched based on open-closed topological 



duality that such amplitudes should agree with the analogous super- Yang-Mills computa- 
tions. If this handwaving argument could be made rigorous, it would provide a proof of 
the Maldacena conjecture at small 't Hooft coupling. 

The handwaving argument is closely related to ideas in and |T^ which describe 



open-closed topological duality in the context of the Kontsevitch model and Chern-Simons 
theory. The action Stop of ( [4.1| ) describes a closed topological string theory, and one 
can define an open topological string theory by placing M D3 branes at the boundary 
of AdS^. As usual, the D3 brane boundary conditions are Dirichlet for the (x^, x^) 
variables, Neumann for the (a;*^, ...,x^) variables, and 

A" = (70123)^A", = (70123)^«^a, (4.43) 



Using the previous proposal of Stop based on the fermionic coset, such a perturbation of Stop 
would not be allowed since the topological and AdS^ x S^ BRST operators were different. 
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for the pure spinor variables. Furthermore, the fermionic boundary conditions imply that 
= (70123)0-/", so the BRST operator satisfies Ql = Qr on the boundary. 
As discussed at the end of subsection (3.3), ( [4.43| ) implies that (77AA) = A7^A = 0, 
so one needs to introduce non-minimal variables on the boundary. These non-minimal 
variables turn the zero mode measure factor into the same measure factor as in a fiat 
background which is the d — 4 dimensional reduction of 

{{X'y"'e){xre){XYO){e^mnpO)) = i. (4.44) 

One might be worried that the term 

2{r]XX) 

in the action of (|4.1| ) becomes singular on the boundary where (?7AA) = 0, but the 
numerator (A7a)a?7""(A7b)^ also vanishes on the boundary where it is proportional to 

A7 Vt^a = 0. 

The first step in the open-closed duality argument is that the only physical open 
string states on the M branes are massless U{M) A/" = 4 super- Yang-Mills states. It 
is clear that these super- Yang-Mills states are in the spectrum since the vertex operator 
V = X°'Act{x, 9) is in the open string BRST cohomology when Act{x, 9) satisfies the d = 4 
dimensional reduction of the d = 10 linearized super- Yang-Mills equations of motion. 
However, the absence of other states in the open string BRST cohomology remains to be 
proven. Nevertheless, it is reasonable that there are no other physical open string states 
since the branes on the AdS^ boundary preserve PSU{2, 2|4) invariance, so any other 
such states would have to preserve = 4 d = 4 superconformal invariance and transform 
in the adjoint representation of U{M). 

The next step in the argument is that the open string field theory action given by 

S = ^{VQV + \VVV) (4.46) 
9^ 3 

reproduces the M = 4 d = 4 super- Yang-Mills field theory action where V is the off-shell 
open string field, g is the square-root of the closed string coupling constant Qs, and the 
zero-mode measure factor in ( [4.46| ) is the d = 4 dimensional reduction of (|4.44| ). This 



step is reasonable since, as in the Chern-Simons topological string one expects the 
Feynman diagrams of the open topological string to reduce to the Feynman diagrams of 
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the massless field theory. And as shown in |3^[31], the d = 10 super- Yang-MiUs field 
theory action (or its dimensional reduction) can be expressed as iS = -^{VQV + ^VVV) 
where V = A"Aq,(x, 6*), Aq(x, 9) is an off-shell d = 10 spinor superfield, Q = A"I?q,, D^t is 
the d = 10 supersymmetric derivative, and ( ) is the zero mode measure factor of ( [4.44|) . 
Furthermore, it will be assumed that as in the Chern-Simons topological string [^, closed 
string states decouple from open string states and do not contribute to open topological 
string scattering amplitudes. 

So when r = in ( |4.42| ) , it has been argued that the open string field theory for M 
branes at the boundary describes U{M) super- Yang-Mills theory with coupling constant 
g = ^/g^. The final step in the argument is that adding the r^SAdS perturbation to Stop 
in ( [4.42| ) affects the open string field theory by shifting the 't Hooft coupling constant. 



This step has an analog in the open-closed duality of [jT^ where parameters of the closed 
string background of topological gravity were shown to affect the open string field theory 
by shifting parameters in the Kontsevitch matrix model. 

The justification for this step is that insertion of a closed string vertex operator at 
a puncture in an open topological string amplitude can be replaced by expanding the 
puncture into a hole and inserting an appropriate D-brane boundary state . For an 

arbitrary closed string vertex operator, the corresponding D-brane boundary state may be 
difficult to construct. But for the closed string vertex operator SAdS which is PSU(2, 2|4) 
invariant, it seems reasonable to assume that the corresponding L>-brane boundary state is 
proportional to a brane at the AdS^ boundary. Note that the proportionality constant 
/(r) must go to zero when r ^ in order to be consistent with the assumed decoupling 
of closed string states from open string states in the topological string. So inserting the 
closed string vertex operator SAdS at a puncture in an open topological string amplitude 
should be equivalent to expanding the puncture to a -D3 brane hole and multiplying by a 
factor of /(r). 

Perturbing the background from Stop Stop + r'^SAdS is equivalent to inserting an 
exponential set of closed string vertex operators, and for each open string diagram with h 
holes and p punctures, the scattering amplitude is proportional to 
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(4.47) 



where (g'^M)^ comes from the usual [X'tHooft]^ factor in the 't Hooft expansion. Replacing 
the punctures by D-brane holes and including the proportionality constant of /(r), the 
open string scattering amplitude with H holes is proportional to 

E ^^^^{9^M)\r^f{r)Y = {g'M + r'f{r))'' (4.48) 

h+p=H 

where the factor of ^^"j"^-'' comes from the different ways to split the H holes into h holes 
and p punctures. 

So in the background of (|4.42|) , it has been argued that the open string field theory 
for M D3 branes on the AdS^ boundary describes super- Yang-Mills theory where the 't 
Hooft coupling is shifted from g'^M to g'^M + r"^ f{r). Note that if one could show that 
/(r) were equal to r^, this argument would imply that the 't Hooft coupling is equal to 
when M = 0. So the relation X'tHooft = would be valid both at small and large radius. 



5. Conclusions and Discussion 

In the first half of this paper, it was shown that (i^XX) is in the BRST cohomology in 
an AdS^ x background, which implies that the left and right-moving pure spinor ghosts 
can be treated as complex conjugate variables. This eliminates the need for non-minimal 
variables and simplifies the zero-mode measure factor and b ghost. 

In the second half of this paper, a BRST-trivial version of the AdS^ x 5'^ action was 
constructed by gauge-fixing a G/G principal chiral model where G = P SU {2, 2\4). This 
topological action was argued to describe the zero radius limit which is dual to free super- 
Yang-Mills, and perturbing the topological action by the vertex operator for the radius 
modulus was conjectured to describe super- Yang-Mills at small 't Hooft coupling. 

One possible method for proving this conjecture uses open-closed topological string 
duality along the lines proposed in the previous subsection. However, a more direct method 
would be to compute the topological closed string amplitudes and compare with the per- 
turbative Feynman diagrams of the super- Yang-Mills field theory. In [^, a connection 
was found between networks of Wilson lines constructed from worldsheet gauge fields in 
the G/G model and the propagators and vertices of A/" = 4 super- Yang- Mills Feynman 
diagrams. It would be very exciting if amplitude computations in the topological model 
could be related to counting these Wilson line networks in the G/G model. 
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Although it is weU-understood how to compute scattering amphtudes with con- 
ventional topological string theories, the topological model of ( [4 .11 ) has some new fea- 
tures which have not yet been studied. Unlike the usual topological strings where the 
complex structure of the target spacetime is fixed, the complex structure of the tar- 
get spacetime in ( [4.1D is determined dynamically by the pure spinors (A", A") which 
choose a U{5) subgroup of the (Wick-rotated) SO{10) Lorentz group. This can be seen 
from the kinetic term for the x's in the topological action which, to quadratic order, is 
/ d"^ z{2r]XX)~^r]'^'^ (X'^a) a{^'yb)'^dx"'dx^ . So classical instanton solutions satisfy 

(A7„)«ax" = 0, iha)-dx'' = 0, (5.1) 

where (A7a)a determines which five complex components of dx"" must vanish. 



Another new feature of the topological sigma model of (|4.1|) is that the ghost-number 
anomaly does not fix the number of unintegrated versus integrated vertex operators. Since 
vertex operators can be multiplied by inverse powers of (rjXX) without spoiling BRST 
invariance, one can construct unintegrated vertex operators of ghost-number zero such 
as V = {r]XX)~^X°'X"A^-^{x,9,9). It is unclear if the topological amplitude prescription 
should involve both unintegrated and integrated vertex operators, or only unintegrated 
vertex operators. Similarly, it is unclear if the genus g topological amplitude prescription 
requires integration over the moduli of genus g Riemann surfaces. 

In addition to describing the zero radius AdS^ x limit, the topological model of 
( [4.1| ) can also be interpreted as a tensionless string in which all massless and massive 
background fields are treated on equal footing. Changing the target-space metric in the 
topological action is a BRST-trivial operation so, as proposed by Witten, the topological 
model describes string theory in an "unbroken phase" in which general covariance does 
not require an explicit metric [|19| . 



By giving background values to physical moduli, one can perturb the topological model 
into non-topological string theories which describe backgrounds that are asymptotically 
AdS^ X but are not necessarily PSU{2, 2|4) invariant. For example, perturbing with the 
vertex operator for the radius modulus deforms the topological action into the PSU{2, 2|4)- 
invariant AdS^ x action of ( |2.11| ), but perturbing with other physical moduli will lead to 
superstring backgrounds which are asymptotically AdS^ x but which are not PSU (2, 2|4) 
invariant. 
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In some sense, these asymptotically AdS5 x backgrounds are more natural back- 
grounds for the pure spinor formalism than asymptotically flat backgrounds. In asymp- 
totically AdS^ X backgrounds, the worldsheet action can always be constructed from 
the Metsaev-Tseytlin coset g G soiTi)x'so{5) ^^^^ though the action is not necessarily 
invariant under the global PSU{2,2\A) isometries 5g = T^g. Furthermore, the BRST op- 
erator in these backgrounds always acts geometrically as Qg = g{X°'Tct + A°T^) and there 
is no need to introduce non-minimal variables. And in the limit where the radius goes to 
zero, the topological AdS^ x pure spinor action and BRST operator can be derived by 
gauge-fixing a G/G principal chiral model. This contrasts with the pure spinor formalism 
in a flat background which has not yet been derived in a simple manner from gauge fixing. 
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